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We carry out Monte Carlo simulations of the three dimensional (3D) lattice London superconductor
in zero applied magnetic field, making a detailed finite size scaling analysis of the Meissner transition.
We find that the magnetic penetration length λ, and the correlation length ξ, scale as λ ∼ ξ ∼ |t|−ν ,
with ν = 0.66± 0.03, consistent with ordinary 3D XY universality, νXY ≈ 2/3. Our results confirm
the anomalous scaling dimension of magnetic field correlations at Tc.
74.40.+k, 64.60.Fr
The discovery of the high temperature superconduc-
tors has revived interest in the effects of fluctuations on
the critical behavior of the superconducting transition.
The Meissner transition of a bulk type II superconductor
in zero applied magnetic field is the most basic case that
can be considered. While it was originally thought that
this transition was weakly first order [1], it is now gener-
ally believed to be in the same universality class as the
ordinary three dimensional (3D) XY model, except with
the temperature scale inverted [2–4]. The argument is
based [2–6] on two observations: (i) the ordinary 3D XY
model can be mapped onto a system of sterically interact-
ing loops with inverted temperature scale Tloop ∝ 1/T ,
and (ii) the vortex loops of a fluctuating superconduc-
tor interact with a screened Coulomb interaction, with
screening length equal to the bare magnetic penetration
length λ0. Assuming that the finite interaction length λ0
of the vortex loops is not a relevant modification of steric
(on site) interactions, the universality of the fluctuating
Meissner transition and the 3D XY model follows [7].
Early Monte Carlo (MC) simulations by Dasgupta and
Halperin [3] of a lattice London superconductor model
strongly supported this picture by making a qualitative
comparison of the shape of specific heat peaks in the two
models.
Recently there has been renewed interest in, and
controversy concerning, the nature of this transition.
Kiometzis et al. [8], considering a dual formulation of
the fluctuating Ginzburg-Landau (GL) model, have ar-
gued that while the correlation length ξ ∼ |t|−ν di-
verges with the same exponent ν as the ordinary 3D XY
model, νXY ≈ 2/3, the renormalized magnetic penetra-
tion length should diverge as λ ∼ |t|−ν′ with ν′ = 1/2 the
mean field exponent. Herbut and Tesˇanovic´ [9] however,
using an analysis of the GL model exact to all orders in
perturbation, have argued that, due to the presence of
an anomalous dimension, ηA = 1, for fluctuations of the
magnetic field, one must have ν = ν′. Using a one-loop
renormalization group (RG) scheme, they further sug-
gested the possibility that ν < νXY [10]. Bergerhoff et
al. [12], using a non-perturbative RG flow analysis of the
GL model, similarly find ν < νXY. Herbut [11] however
has argued that for the lattice London limit of the GL
model, ν = ν′ = νXY.
To investigate this controversy we present here the re-
sults of new MC simulations of the 3D isotropic lattice
London superconductor (LLS) in zero external magnetic
field. Carrying out the first detailed finite size scaling
analysis of this model, we find results consistent with
a single diverging length scale, hence ξ ∼ λ. We find
ν ≈ νXY consistent with the universality of the ordinary
3D XY model. We find clear evidence for the anoma-
lous dimension of magnetic field correlations predicted
by Herbut and Tesˇanovic´ [9].
The Hamiltonian of our model [3] is
H =
∑
iµ
{
U(θi+µˆ − θi −Aiµ) + 1
2
Jλ20[D×A]2iµ
}
. (1)
The sum is over all bonds of a 3D simple cubic lattice
of unit grid spacing. θi is the phase angle of the super-
conducting wavefunction on site i, ψi = e
iθi , where the
amplitude of ψi has been taken constant (the London ap-
proximation). Aiµ is the discretized vector potential on
the bond at site i in direction µˆ = xˆ, yˆ, zˆ, and if µ, ν, σ is
a cyclic permutation of x, y, z, then
[D×A]iµ = Aiν +Ai+νˆ,σ −Ai+σˆ,ν −Aiσ ≡ 2πbiµ (2)
is the counterclockwise circulation of the Aiµ around the
plaquette at site i with normal in direction µˆ. biµ is the
number of flux quanta φ0 of total magnetic field through
this plaquette. The coupling is J = φ20/16π
3λ20, with λ0
the bare magnetic penetration length, and U(ϕ) is the
Villain function [13]
e−U(ϕ)/T =
∞∑
m=−∞
e−
1
2
J(ϕ−2pim)2/T .
The first term in Eq. (1) is the kinetic energy of flow-
ing supercurrents; the second term is the magnetic field
energy.
We focus here on the calculation of the magnetic field
correlation function
F (q) ≡ 4π
2J
TL3
〈bµ(qνˆ)bµ(−qνˆ)〉 , (3)
1
where bµ(qνˆ) ≡
∑
i e
−iqνˆ·ribiµ is the Fourier transform
of the total magnetic field, and µˆ ⊥ νˆ. F (q) is just
the wavevector dependent magnetic permeability, with
limq→0 F (q) = ∂B/∂H [14]. Our goal is to show that
the singular part of F (q) is consistent with the scaling
Ansatz
F (t, Q, L) = ℓ−1F (tℓ1/ν , Qℓ, L/ℓ) , (4)
where t = T −Tc, Q = 2 sin(q/2), L is the system length,
and ℓ is an arbitrary length rescaling factor. Note that we
choose Q rather than q as our scaling variable, since the
vortex line interaction that arises from the Hamiltonian
(1) is a function of qµ only through the combinations Qµ
[14]. Since Q→ q as q → 0, this does not affect the long
length scaling; our hope is that by using Q we may suc-
ceed to slightly extend the scaling region to shorter length
scales. Verification of the scaling Eq. (4) will demonstrate
that there is only a single diverging length scale in the
model, that describes both the critical behavior of global
thermodynamic variables, as well as the spatial varia-
tion of magnetic field fluctuations. Since the former is
determined by the correlation length ξ, while the later
is determined by the magnetic penetration length λ, we
conclude that ξ ∼ λ ∼ |t|−ν .
We carry out standard Metropolis MC on the Hamilto-
nian (1) for cubic lattices of lengths L = 8 to 32, using pe-
riodic boundary conditions. We use the particular value
of λ0 = 0.3 (in units of the grid spacing). Temperatures
will be measured in units of J . In one MC “pass” we first
update Aix, Aiy and Aiz at each site i, going sequentially
through the entire lattice, then follow this by a sequen-
tial update of the θi. The Aiµ are allowed to fluctuate
without constraint. For our largest system size, L = 32,
we use at each temperature typically 32, 000 passes to
equilibrate, followed by 1.7 × 107 passes for computing
averages.
First we consider the scaling behavior of the magnetic
permeability. Evaluating Eq. (4) at the smallest wavevec-
tor in our system, qmin = 2π/L, using Qmin ≈ qmin, and
choosing the rescale factor ℓ = L, we arrive at
LF (t, Qmin, L) = F (tL
1/ν , 2π, 1) . (5)
Exactly at Tc (i.e. t = 0), LF (qmin) should thus be a con-
stant independent of L. In Fig. 1a we plot our data for
LF (qmin) vs. T , for L = 8−32. To a very good accuracy,
the curves for different L do indeed intersect at a single
point, Tc ≈ 0.8. To further verify the scaling relation
Eq. (5), we fit our data for LF (qmin) near Tc to a low or-
der polynomial expansion in (T −Tc)L1/ν . We determine
the values of Tc = 0.8000 ± 0.0002 and ν = 0.66 ± 0.03
from a 5th order polynomial fit, restricting data to the
ranges |t| ≤ tmax = 0.006 and L ≥ Lmin = 12. Increasing
either the order of the polynomial, Lmin, or decreasing
tmax resulted in no change in these fitted values, within
the estimated statistical error. In Fig. 1b we use these
fitted parameters to plot LF (qmin) vs. tL
1/ν , for data in
the range |t| ≤ 0.01. The resulting data collapse is very
good. Our value of ν is thus completely consistent with
νXY ≈ 2/3. Note that by taking q = qmin, L → ∞, and
ℓ = t−ν in Eq. (4), our results imply that the magnetic
permeability vanishes, as T → T+c , as ∂B/∂H ∼ tν .
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FIG. 1. a) LF (q) vs. T for system sizes L = 8 − 32. The
common intersection of all curves locates Tc. b) Scaling col-
lapse of LF (q) vs. (T − Tc)L
1/ν using fitted values of Tc and
ν.
We now consider the q dependence of F (q). In Fig. 2
we plot F (q) vs. Q for L = 8− 32, exactly at Tc and for
one representative temperature above and below Tc. We
see, as expected, that for T > Tc, F (q) approaches a con-
stant as Q → 0, while for T < Tc, F (q) vanishes as Q2.
Exactly at Tc however, F (q) appears to vanish linearly
as Q. This is a clear suggestion of the anomalous dimen-
sion of magnetic field correlations predicted by Herbut
and Tesˇanovic´, according to which at Tc, F (q) ∼ qηA
with ηA = 4−D in D dimensions [9]. It is interesting to
note that, while there is a considerable finite size effect
for T > Tc, finite size effects at a fixed value of Q appear
negligible for all T ≤ Tc.
0.0 0.5 1.0 1.5 2.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
L = 8
L = 12
L = 16
L = 24
L = 32
T = 0:82
T
c
= 0:80
T = 0:76
Q = 2 sin q=2
F
(
q
)
FIG. 2. F (q) vs. Q for system sizes L = 8 − 32, at
T = 0.76 < Tc, Tc = 0.80 and T = 0.82 > Tc. Note the
virtual absence of finite size effects for T ≤ Tc.
To further verify the anomalous scaling dimension of
magnetic field correlations, we can apply Eq. (4) at t = 0,
taking as the rescaling factor ℓ = L, to get
LF (0, Q, L) = F (0, QL, 1) . (6)
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In Fig. 3 we plot LF (q) exactly at Tc vs. LQ, for L =
8− 32 and q ≤ π/2. We find a good collapse of the data
to a single curve that vanishes linearly as LQ→ 0.
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FIG. 3. Scaling collapse of LF (q) vs. LQ at Tc, for
L = 8− 32, q < pi/2. LF (q) vanishes linearly as LQ→ 0.
Finally, in the thermodynamic limit L → ∞, we can
use Eq. (4) with ℓ = |t|−ν ≡ ξ to get
F (t, Q,∞)/Q = (Qξ)−1F±(1, Qξ,∞) , (7)
where F± refers to distinct branches for T > Tc and T <
Tc. Using the values of Tc and ν found in the fit of Fig. 1b
to determine ξ = |T − Tc|−ν , we plot in Fig. 4 our data
for F (q)/Q vs. ξQ on a log-log scale. We use only data
for which finite size effects appear to be small, and which
are in the scaling region. We see an excellent collapse of
the data. Fig. 4 clearly demonstrates that there is only
a single diverging length scale for the spatial variation of
magnetic field correlations, and that this length scale is
ξ. For the T > Tc branch, we see that F (q)/Q diverges
as 1/ξQ as ξQ → 0, indicating that F (q) approaches a
finite constant ∝ ξ−1. For the T < Tc branch, we see
that F (q)/Q vanishes as ξQ as ξQ → 0, indicating that
F (q) vanishes as ξQ2. However for both branches F (q)/Q
approaches the same constant as ξQ → ∞, indicating
that F (q) vanishes linearly in Q exactly at Tc. Fig. 4 thus
gives another demonstration of the anomalous dimension
of magnetic field scaling at Tc.
To get a better physical understanding of the effects of
this anomalous dimension of magnetic field scaling, con-
sider applying a small external magnetic field given by
Aext. The London equation, describing the total screen-
ing of the Meissner state, T < Tc, gives for the induced
supercurrent [15]
〈jindµ (qνˆ)〉 =
Jλ20
α(q)
〈Aµ(qνˆ)〉 , (8)
where the vector potential of the total magnetic field is
the sum of the applied and induced fields, 〈Aµ(qνˆ)〉 =
Aextµ (qνˆ) + 〈Aindµ (qνˆ)〉, and
λ20/α(q = 0) = ns(T )/ns(T = 0) (9)
is determined by the density of superconducting electrons
ns.
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FIG. 4. Log-log scaling collapse of F (q)/Q vs. ξQ. The
dashed lines at small ξQ have slopes of ±1, to indicate the
asymptotic behavior as ξQ→ 0.
The induced supercurrent is also related to 〈Aindµ (qνˆ)〉
by Ampe`re’s Law, which for the gauge Q ·A = 0 can be
written as
〈jindµ (qνˆ)〉 = −Jλ20Q2〈Aindµ (qνˆ)〉 . (10)
Noting that F (q) is the magnetic permeability, we have
F (q) =
〈Aµ(qνˆ)〉
Aextµ (qνˆ)
=
1
1− 〈Aindµ (qνˆ)〉/〈Aµ(qνˆ)〉
. (11)
Combining this with Eqs. (8) and (10) gives
F (q) =
α(q)Q2
1 + α(q)Q2
. (12)
Comparing with the results of Fig. 4, we see that for finite
ξ at T < Tc, we have limq→0 α(q) ∼ ξ. Eq. (9) thus im-
plies that the superconducting electron density vanishes
as ns ∼ ξ−1 ∼ |t|ν .
The renormalized magnetic penetration length λ is de-
termined by the pole of F (q). If one could ignore the
q dependence of α(q), one would then conclude that
λ2 = α(q = 0). From this follows λ ∼ √ξ and ns ∼ λ−2.
These are indeed the expectations from mean field the-
ory [15], as well as the “uncharged” superconductor rep-
resented by the ordinary 3D XY model [16] (given by the
limit λ0 → ∞). They also hold in the present model, at
low temperatures.
However, as T → T−c , Eq. (12) and Fig. 4 imply that
limq→0 α(q) ∼ 1/q. This is a consequence of the anoma-
lous scaling dimension of the magnetic field. It is this
singular dependence of α(q) on q that shifts the pole of
F (q) so that λ ∼ ξ rather than √ξ, in the “charged”
superconductor critical region. In this critical region the
London relation ns ∼ λ−2 no longer holds [17].
Note also that F (q) determines the decay of the mag-
netic field away from a test vortex line, hence it deter-
mines the renormalized interaction between vortex lines.
The q dependence of α(q) implies that in the critical re-
gion, the interaction between two straight and parallel
test vortex lines separated by distance r will change from
3
the ln r of mean field (MF) theory at r <
√
ξ ∼ λMF, to
the faster decay of 1/r for
√
ξ < r < ξ ∼ λ.
Finally, we note that the anomalous scaling of F (q)
also has some interesting consequences for the ordinary
3D XY model. One can show that, within the mapping
of the 3D XY model to a gas of sterically interacting
loops, the helicity modulus of the XY model maps into a
loop-loop correlation function. Identifying such loops as
the vortex lines of the LLS, which as q → 0 (or λ0 → 0)
become identical with magnetic flux, one concludes [18]
that the wavevector dependent helicity modulus [14,19]
ΥXY(q) of the ordinary 3D XY model should be the dual
of F (q). We have carried out independent MC simula-
tions of the ordinary 3D XY model, in the Villain ap-
proximation, calculating ΥXY(q) for an ensemble with
“fluctuating twist” boundary conditions (fbc) [19]. We
plot our results for ΥXY(q) vs. Q in Fig. 5, for L = 8−32
and T = 2.96 < Tc, Tc = 3.0 and T = 3.04 > Tc. Note
the striking similarity to Fig. 2, only with the tempera-
ture scale inverted. Finite size effects are negligible for
T ≥ Tc. As Q → 0, ΥXY approaches a constant for
T < Tc, Υ
XY ∼ Q2 for T > Tc, and ΥXY ∼ Q exactly at
Tc. Thus the anomalous scaling of F (q) at Tc shows up
as an anomalous scaling of ΥXY(q) at Tc [20].
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FIG. 5. ΥXY(q) vs. Q for the ordinary 3D XY model.
Data is for L = 8 − 32 at T = 2.96 < Tc, Tc = 3.0 and
T = 3.04 > Tc. Note the virtual absence of finite size effects
for T ≥ Tc.
To conclude, we have presented MC data that verifies
the scaling Ansatz of Eq. (4). This Ansatz implies that
there is only a single diverging length scale in the prob-
lem, and that the magnetic penetration length scales as
λ ∼ ξ ∼ |t|−ν . We find the value of ν = 0.66± 0.03 con-
sistent with νXY ≈ 2/3 of the ordinary 3D XY model,
and confirm the predicted anomalous scaling dimension
of magnetic field correlations at Tc.
We are indebted to I. F. Herbut and Z. Tesˇanovic´
for valuable discussions and a critical reading of the
manuscript. This work has been supported by U.S. DOE
grant DE-FG02-89ER14017, by Swedish Natural Science
Research Council Contract No. E-EG 10376-305, and by
the resources of the Swedish High Performance Comput-
ing Center North (HPC2N).
[1] B. I. Halperin, T. C. Lubensky, and S. K. Ma, Phys. Rev.
Lett. 32, 292 (1974); S. Coleman and E. Weinberg, Phys.
Rev. D 7, 1988 (1973).
[2] W. Helfrich and W. Mu¨ller, in Continuum Models of Dis-
crete Systems (University of Waterloo Press, Waterloo,
Ontario, Canada, 1980), p. 753.
[3] C. Dasgupta and B. I. Halperin, Phys. Rev. Lett. 47,
1556 (1981).
[4] P. R. Thomas and M. Stone, Nucl. Phys B144, 513
(1978).
[5] T. Banks, R. Myerson, and J. Kogut, Nucl. Phys. B129,
493 (1977).
[6] M. Peskin, Ann. Phys. 113, 122 (1978).
[7] See Ref. [3] for a more sophisticated argument based on
duality transformations.
[8] M. Kiometzis, H. Kleinert, and A. M. J. Schakel, Phys.
Rev. Lett. 73, 1975 (1994); Fortschr. Phys. 43, 697
(1995).
[9] I. F. Herbut and Z. Tesˇanovic´, Phys. Rev. Lett. 76 4588
(1996).
[10] In Ref. [9], the authors compute ν in one loop perturba-
tion as 1/ν ≈ 2(1− δ), and present their numerical result
as ν ≈ 1
2
(1 + δ). However, if one uses ν ≈ 1/2(1 − δ)
instead, together with the value for the tricritical κc ob-
tained numerically in J. Bartholomew, Phys. Rev. B 28,
5378 (1983), one gets a numerical value consistent with
νXY; Z. Tesˇanovic´, private communication.
[11] I. F. Herbut, J. Phys. A 30, 423 (1997).
[12] B. Bergerhoff, F. Freire, D. F. Litim, S. Lola, and C.
Wetterich, Phys. Rev. B 53, 5734 (1996).
[13] J. Villain, J. Phys. (Paris) 36, 581 (1975).
[14] T. Chen and S. Teitel, Phys. Rev. B 55, 15197 (1997).
[15] M. Tinkham, Introduction to Superconductivity (R.E.
Krieger Co. Malabar, FL, 1980).
[16] D. S. Fisher, M. P. A. Fisher, and D. A. Huse, Phys. Rev.
B 43, 130 (1991).
[17] We thank I. F. Herbut for clarifying these observations.
[18] P. Olsson and S. Teitel, unpublished; see also Eq. (3.35)
of Ref. [6].
[19] P. Olsson, Phys. Rev. B 52, 4511 (1995).
[20] Our results for the ordinary 3D XY model show that,
with fbc, the critical region in q is smaller than was found
for the LLS model. Hence our largest size L = 32 is still
too small for us to see a good scaling collapse at Tc, as
in the corresponding case of Fig. 3.
4
